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We consider a Fermi gas with short-range attractive interactions that is confined along one direc-
tion by a tight harmonic potential. For this quasi-two-dimensional (quasi-2D) Fermi gas, we compute
the pressure equation of state, radio frequency spectrum, and the superfluid critical temperature
Tc using a mean-field theory that accounts for all the energy levels of the harmonic confinement.
Our calculation for Tc provides a natural generalization of the Thouless criterion to the quasi-2D
geometry, and it correctly reduces to the 3D expression derived from the local density approximation
in the limit where the confinement frequency ωz → 0. Furthermore, our results suggest that Tc can
be enhanced by relaxing the confinement and perturbing away from the 2D limit.
I. INTRODUCTION
Two-dimensional (2D) Fermi systems are both of fun-
damental interest and technological importance. Classic
examples include graphene [1], high-temperature super-
conductors [2], semiconductor interfaces [3], and layered
organic superconductors [4]. In addition, it is now pos-
sible to confine cold gases of alkali atoms in a 1D opti-
cal lattice, leading to a series of quasi-2D layers [5, 6].
Here, the interlayer coupling can be tuned and indeed
made negligible by increasing the lattice depth [7], thus
allowing the investigation of single quasi-2D layers. Al-
ternatively, interlayer tunnelling can be switched on and
the behavior of simple layered systems investigated. Fur-
thermore, the attractive short-range interactions between
different fermionic species may be controlled using a mag-
netically tunable Feshbach resonance. All these scenarios
serve to illustrate the high degree of experimental control
available in cold atoms, thus making them ideal systems
to study the behaviour of fermions in low dimensions.
Experiments on quasi-2D atomic Fermi gases have thus
far focussed on the behavior of a single quasi-2D gas.
This is achieved by applying a sufficiently strong opti-
cal lattice so that interlayer tunnelling may be neglected,
or by trapping the gas tightly in one direction (which
we refer to as the z direction). In both cases, the con-
fining potential for the layer can be approximated by
a harmonic oscillator potential, i.e., V (z) = 12mω
2
zz
2,
where m is the atom mass and ωz is the confinement
frequency [37]. The gas is considered to be kinemati-
cally 2D provided the Fermi energy εF and temperature
T satisfy εF , kBT  ~ωz. In principle, the crossover
from BCS pairing to tightly bound bosonic ↑↓ dimers
can then be realized in 2D by increasing the attractive
↑-↓ interactions [8, 9], and this has been the subject of
much investigation [7, 10–12]. Since a two-body bound
state always exists in 2D for arbitrary attraction [13], the
two-body binding energy, εB , can be used to parameter-
ize the interaction strength. In this manner, weak BCS
pairing is achieved when εB/εF  1, while the Bose limit
corresponds to εB/εF  1. However, in practice, it is dif-
ficult to remain strictly 2D when varying the parameter
εB/εF . In particular, many experiments in the BCS limit
appear to be in the regime where εF & ~ωz [11, 12, 14]
and therefore one expects measurable deviations from 2D
behavior [15, 16].
In this work, we address the impact of confinement on
a single, quasi-2D, two-component gas of fermions. Pre-
viously, we developed a mean-field theory of the quasi-2D
system at zero temperature that allowed us to extrapo-
late to an infinite number of harmonic confinement lev-
els [16]. Here, we extend our mean-field calculation to
finite temperature and determine (i) the critical temper-
ature for pair formation, Tc; (ii) the equation of state
for the pressure; and (iii) the excitation spectrum ob-
tained from radio frequency (RF) spectroscopy. An ear-
lier mean-field study of the regime εF & ~ωz considered
RF spectra at finite temperature, but not the equation of
state or Tc [15]. The pressure of the quasi-2D gas has re-
cently been measured experimentally [12], and a compar-
ison with finite-temperature [17] and zero-temperature
[18] calculations in 2D suggests that temperature notice-
ably increases the pressure in the BCS regime. We find
here that confinement provides a competing effect, where
an increase in εF /~ωz can reduce the pressure.
To date, there is no experimental observation of the
superfluid phase in atomic 2D Fermi gases. However, our
results show that kBTc/εF is increased by relaxing the
confinement and increasing εF /~ωz for constant εB/εF ,
thus raising the tantalizing possibility that superfluidity
is most favorable when the gas lies between 2D and 3D.
As far as we are aware, our work provides the first quasi-
2D generalization of the Thouless criterion for Tc as we
perturb away from the 2D limit.
II. MODEL AND MEAN-FIELD THEORY
We consider a balanced two-component (↑, ↓) gas of
fermions strongly confined in the z-direction by a har-
monic oscillator potential. Harmonic confinement within
the x-y plane is not included, so the atoms possess a 2D
momentum, k, in addition to an oscillator quantum num-
ber, n. The many-body grand-canonical Hamiltonian in
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FIG. 1: (Color online) The momentum distribution η per spin
component, for Fermi energy εF = ωz and various binding en-
ergies εB and temperatures T < Tc. The momentum is scaled
by the confinement length lz. The black dotted line is the mo-
mentum distribution for an ideal gas at zero temperature.
this case is
Hˆ =
∑
k,n,σ
ξknc
†
knσcknσ (1)
+
∑
k,n1,n2
k′,n3,n4
q
〈n1n2|gˆ|n3n4〉c†kn1↑c
†
q−kn2↓cq−k′n3↓ck′n4↑,
where ξkn = kn − µ, µ is the chemical potential, and
kn = k
2/2m+ nωz, corresponding to the single-particle
energies relative to the zero-point energy ωz/2. Here we
set the system area Ω = 1 and ~ = kB = 1. The short-
range 3D interaction gˆ is tuned by a broad s-wave Fes-
hbach resonance. The interaction matrix elements are
most easily calculated using relative (ν) and center of
mass (N) oscillator quantum numbers:
〈n1n2|gˆ|n3n4〉 = g
∑
N,ν,ν′
fν〈n1n2|Nν〉fν′〈Nν′|n3n4〉
≡ g
∑
N
V n1n2N V
n3n4
N . (2)
Here, the function fν = (
2pi
mωz
)1/4 φν(0), with φν(z) being
the ν-th harmonic oscillator eigenfunction. One can show
that f2ν+1 = 0 and f2ν =
(−1)ν
ν!
√
(2ν)!
22ν . The coefficients,
〈n1n2|Nν〉 ∼ δN+ν n1+n2 , are determined in Ref. [19, 20].
The interaction strength g can be expressed as a function
of the binding energy εB of the two-body problem:
−1
g
=
∑
k,n1,n2
(V n1n20 )
2
kn1 + kn2 + εB
. (3)
We can set N = 0 without loss of generality, since the
center of mass motion decouples. An equation relat-
ing the binding energy εB to the 3D scattering length
as [21, 22] may be obtained using Eq. (3) together
with the renormalization condition 1g =
mlz√
2pi
(
1
2as
− Λpi
)
,
where lz =
√
1/mωz and Λ is a UV momentum cutoff in
3D. Note that g differs from the usual definition of the
3D interaction strength by a factor of
√
2pilz.
Following the approach in Ref. [16], we define the su-
perfluid order parameter
∆qN = g
∑
k,n1,n2
V n1n2N 〈cq−kn2↓ckn1↑〉. (4)
Provided fluctuations around this are small, we can ap-
proximate Eq. (1) by the mean-field Hamiltonian
HˆMF =
∑
k,n,σ
ξknc
†
knσcknσ (5)
+
∑
q,N
(
∆qN
∑
k,n1,n2
V n1n2N c
†
kn1↑c
†
q−kn2↓
+ ∆∗qN
∑
k,n3,n4
V n3n4N cq−kn3↓ckn4↑ −
|∆qN |2
g
)
.
Furthermore, we assume that ∆qN = δq0δN0∆0. The as-
sumption of a completely uniform order parameter with
N = 0 should be reasonable in the limit where the pair-
ing is weak or ∆0  εF . It also correctly captures the
short-distance behavior between pairs, thus allowing us
to renormalize the 3D contact potential in a straightfor-
ward manner. Equation (5) can then be diagonalized to
give
HˆMF =
∑
k,n
(ξkn − Ekn)− ∆
2
0
g
+
∑
k,n,σ
Eknγ
†
knσγknσ, (6)
where Ekn are the quasiparticle excitation energies. The
quasiparticle creation and annihilation operators are
given by
γ†kn↑ =
∑
n′
(ukn′nc
†
kn′↑ + vkn′nc−kn′↓) (7)
γ−kn↓ =
∑
n′
(ukn′nc−kn′↓ − vkn′nc†kn′↑), (8)
where the amplitudes u, v are assumed to be real,
and they satisfy
∑
n′(|ukn′n|2 + |vkn′n|2) = 1. Both the
quasiparticle energies and amplitudes only depend on the
momentum through its magnitude, k ≡ |k|.
The BCS ground state corresponds to the quasiparticle
vacuum, but at finite temperature, quasiparticle states
can be occupied and one must consider the mean-field
grand potential:
〈HˆMF〉 =
∑
k,n
[
ξkn − 2
β
ln [2 cosh(βEkn/2)]
]
− ∆
2
0
g
(9)
where β ≡ T−1. For fixed µ, the correct value of ∆0 is
that which minimises 〈HˆMF〉.
3The Fermi energy in the quasi-2D system is defined to
be the chemical potential of an ideal Fermi gas with the
same particle density, i.e., one can write the particle den-
sity per spin as ρ(εF ) =
m
2pi (nh + 1)(εF − nhωz/2), where
nh is the oscillator number of the highest occupied oscil-
lator level for the non-interacting gas. The density ρ
depends on the chemical potential through the quasipar-
ticle amplitudes according to
ρ ≡
∑
k
η(k) =
∑
k,n1,n2
eβEkn1 |vkn2n1 |2 + |ukn2n1 |2
1 + eβEkn1
(10)
where η(k) is the in-plane momentum distribution per
spin component.
The presence of discrete energy levels in the quasi-
2D confinement is clearly apparent in η(k) when εF ap-
proaches ωz, as shown in Fig. 1. In particular, even when
the gas is kinematically 2D at T = 0, with a clear 2D
distribution, we see that interactions can populate the
higher levels, resulting in additional weight in the distri-
bution around k = 0. This feature is most pronounced
when εF = ωz, because here the Fermi energy touches
the bottom of the next band at k = 0. A finite temper-
ature also leads to occupation of the higher levels, and
it can thus enhance the peak at k = 0. However, large
T or large εB eventually smears out the distorted Fermi
distribution.
Short-distance behavior
At large momentum values, η(k) is determined by the
contact density C [23], which gives a measure of the den-
sity of pairs at short distances. Similarly to 2D and
3D [24], this can be derived from the adiabatic relation:
C = m
2
~4
∂〈HˆMF〉
∂(−1/g)
∣∣∣
Ω,µ,T
(11)
However, the tail of the momentum distribution in quasi-
2D has a slightly modified behavior:
η(k)→ C
4m2
∑
ν
f22ν
2kν
(12)
Note that this yields the expected 2D behavior when
ωz  k2/2m. In the quasi-2D mean-field approximation,
the contact is simply related to the pairing order parame-
ter: C = m2∆20. This expression captures the monotonic
increase of C with increasing attraction, and it yields the
correct two-body contact in the Bose limit. However, it is
not quantitatively accurate in the BCS regime since the
mean-field approach neglects interactions in the normal
phase. Indeed, we see here that C = 0 above Tc.
III. CRITICAL TEMPERATURE
Within the mean-field approximation, pairing and su-
perfluidity are destroyed simultaneously by thermal fluc-
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FIG. 2: (Color online) Evolution of the critical temperature
as the system is perturbed away from the 2D limit for fixed
values of the interaction, εB/εF = 0.01 ( ) and 0.05 ( ).
The dash-dotted lines are the leading order behavior in εF /ωz
from Eq. (20). Inset: The critical temperature at unitarity
for large εF /ωz. The horizontal dashed line corresponds to
the 3D limit εF /ωz →∞ (see text).
tuations, and the superfluid transition temperature cor-
responds to the point where ∆0 vanishes. Here, we
focus on the BCS regime of weak interactions, where
our approximation is expected to be most accurate and
the mean-field Tc is close to the superfluid Berezinskii-
Kosterlitz-Thouless (BKT) transition temperature [25].
First, we recall how to derive an expression for Tc in the
2D limit. The relevant equations are (3) and (9) with
all sums over quantum number n restricted to the n = 0
term. In this case, the quasiparticle energies are simply
Ek0 =
√
ξ2k0 + ∆
2
0. Substituting this into Eq. (9), and
then using ∂〈HˆMF〉/∂∆20 = 0 and setting ∆0 = 0, yields
the linearized gap equation for Tc (or Thouless criterion):∑
k
1
2k0 + εB
=
∑
k
tanh(βcξk0/2)
2ξk0
. (13)
In the weak-coupling limit εB  εF , one can show
that Tc = e
γ
√
2εBεF /pi, where γ ≈ 0.577 is the Euler
gamma constant [26]. The inclusion of Gor’kov–Melik-
Barkhudarov corrections predicts a critical temperature
that is lower by a factor of e [27].
The situation is more complicated in the general quasi-
2D case. The gap equation is
− 1
g
=
∑
k,n
(
∂Ekn
∂∆20
)∣∣∣∣
∆0=0
tanh (βcξkn/2) (14)
but there is no analytical expression for the quasiparticle
energies. For fixed k, the Ekn are the positive eigenvalues
of the block matrix M =
(
X D
D† −X
)
, where Xij = δijξki
and Dij = ∆0V
ij
0 . Hence, they are the solutions of the
4characteristic equation, |M − EknIn| = 0, where In is
the n × n identity matrix. Note that the determinant
contains only even powers of ∆0. Disregarding all terms
of order greater than two, we obtain
|M − EknIn| =
∏
n1
(
E2kn − ξ2kn1
)
−∆20
∑
n1
(V n1n10 )
2
∏
n2 6=n1
(
E2kn − ξ2kn2
)
+ 2∆20
∑
n1<n2
(V n1n20 )
2 (
ξkn1ξkn2 − E2kn
)
×
∏
n3 6=n1,n2
(
E2kn − ξ2kn3
)
. (15)
After differentiating the expression |M−EknIn| = 0 with
respect to ∆0 and letting ∆0 → 0, Ekn → ξkn, we find
(
∂Ekn
∂∆20
)∣∣∣∣
∆0=0
=
∑
n′
(
V nn
′
0
)2
ξkn + ξkn′
. (16)
Hence, the linearized gap equation becomes
−1
g
=
∑
k,n1,n2
(V n1n20 )
2 tanh (βcξkn1/2) + tanh (βcξkn2/2)
2(ξkn1 + ξkn2)
,
(17)
which is a natural generalization of the corresponding
equation in 2D. This is one of the main results of this
paper.
We extract the behaviour in the limit µ, εB , Tc  ωz
by reorganising Eq. (17):
1
g
+
∑
k,n1,n2
(V n1n20 )
2
ξkn1 + ξkn2 + i0
=
∑
k,n1,n2
(V n1n20 )
2
ξkn1 + ξkn2 + i0
[f(βcξkn1) + f(βcξkn2)] , (18)
where f(x) ≡ 1/(1 + ex) is the Fermi-Dirac distribution
function. We see that the left hand side is inversely pro-
portional to the quasi-2D T matrix at energy 2µ, which
can be readily expanded in 1/ωz [28]. Expanding both
sides up to linear order in 1/ωz then yields
ln
(
εB
2µ
)
+ ln(2)
2µ+ εB
ωz
'
2P
∫ ∞
−βcµ
d
f()

+
4 ln
[
4(2−√3)]
βcωz
ln(1 + eβcµ), (19)
where P denotes the principle value. In the BCS weak-
coupling limit εB  εF , we have µ ' εF and βcµ→∞.
Thus, the integral term in Eq. (19) can be replaced by
−2 ln (2eγβcµ/pi), and the whole equation can be simpli-
fied to give
Tc =
eγ
pi
√
2εBεF
[
1 +
εF
ωz
ln
(
7 + 4
√
3
8
)]
. (20)
Therefore, for fixed interaction parameter εB/εF , we see
that perturbing away from 2D actually increases Tc/εF .
To obtain results for larger values of εF /ωz, we need
to include multiple oscillator levels and we must there-
fore proceed numerically. Since the normal state is non-
interacting in this approximation, we may determine the
density (and εF /ωz) for a given βcµ and βcωz using the
expression:
βcρ =
1
pi
∑
n
ln
(
eβc(µ−nωz) + 1
)
. (21)
Combining this with Eqs. (3) and (17), we then solve for
εB/ωz as a function of βcωz and εF /ωz. The calcula-
tions are repeated for different numbers of levels, εB/ωz
is fitted as a function of the inverse number of levels,
and the final value assigned to εB/ωz is that obtained by
extrapolating to an infinite number of levels.
The variation of Tc/εF with εF /ωz is shown in Fig. 2.
We clearly see that Tc/εF is enhanced by relaxing the
confinement for fixed εB/εF , and the numerical results
in the BCS regime are in excellent agreement with the
analytical expression of Eq. (20) in the limit εF /ωz 
1. Moreover, the enhancement of Tc becomes even more
pronounced with increasing εF /ωz. Interestingly, there
are dips visible at low integer values of εF /ωz. This is due
to the single particle density of states having a step-like
structure and being discontinuous at these points.
Increasing εF /ωz further, we should eventually recover
the result derived from treating the harmonic potential
within the local density approximation (LDA), valid in
the limit εF /ωz → ∞. In this case, it is easy to show
that Eq. (21) reduces to
m
4pi
ε2F
ωz
=
∫
dz
∑
k3D
1
1 + eβc(k
2
3D/2m−µ(z))
, (22)
where k3D is the momentum of the particles in 3D and
µ(z) = µ− 12mω2zz2. To determine the behavior of the
gap equation in this limit, we first rewrite Eq. (17) as
−1
g
=
∑
k,ν
f22ν
2ξkν
∑
n1
|〈n1 2ν − n1|0 2ν〉|2 tanh (βcξkn1/2) .
For ωz → 0, we also require ν → ∞ to obtain a finite
energy νωz. In this case, we can use Stirling’s approxi-
mation for large values of ν to obtain
1√
2pilz
∞∑
ν=0
f22ν
2ξkν
' 1
2pi
∫ ∞
−∞
dkz
1
2(ξk0 + k2z/2m)
,
where we have defined νωz = k
2
z/2m. We can also write
|〈n1 2ν − n1|0 2ν〉|2 = 122ν
(
2ν
n1
)
≈ 1√
piν
e−(n1−ν)
2/ν , for
large ν, so that
∑2ν
n1=0
|〈n1 2ν − n1|0 2ν〉|2 may be re-
placed by
∫ 1/2
−1/2 dxδ(x), with n1 = 2νx + ν. Applying
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FIG. 3: (Color online) Pressure of the quasi-2D gas for fixed
Fermi energy εF /ωz and temperature T/εF = 0.1. Note that
T < Tc for the parameter range considered here. The zero-
temperature 2D mean-field pressure (dashed line) corresponds
to that of an ideal 2D Fermi gas, Pideal. The displayed interval
of interactions corresponds to a2D
√
ρ ≈ 1 (see text).
these approximations to Eq. (17) and using the renor-
malization condition for g finally gives
m
4pias
=
∑
k3D
[
m
k23D
− tanh[βc(k
2
3D/2m− µ)/2]
2(k23D/2m− µ)
]
, (23)
which is exactly the LDA expression obtained by con-
sidering the Thouless criterion at the center of the trap
(z = 0). The fact that Eq. (17) reduces to the correct
mean-field expression in the limit ωz → 0 may be re-
garded as a validation of our approach.
Solving the LDA equations at unitarity (1/as = 0)
gives the value Tc/εF = 0.44, as indicated in the inset of
Fig. 2. As expected, our numerics converge to this value
with increasing εF /ωz. Note that it is lower than the
corresponding mean-field value in the 3D uniform case,
T 3Dc /εF = 0.5.
IV. PRESSURE
Below Tc, we can determine the mean-field equation of
state for the pressure directly from P = −〈HˆMF〉, once
∆0 is known. Like before, all calculations are repeated
with different numbers of harmonic levels and the re-
sulting pressure values extrapolated to an infinite num-
ber of levels. In the 2D limit, the pressure at zero
temperature corresponds to that of an ideal Fermi gas,
Pideal = mε
2
F /2pi, and is therefore independent of interac-
tions. This artifact is due to the fact that mean-field the-
ory in 2D predicts an effective dimer-dimer repulsion that
is classically scale invariant (and thus only dependent on
the density), rather than the correctly renormalized in-
teraction expected for a quantum system [29, 30]. Once
interactions beyond mean field are included, one finds
that the pressure tends to zero with increasing attraction,
εB/εF , since the system approaches a non-interacting
Bose gas [12, 18].
Even though the mean-field approach is not accurate
in pure 2D, we expect it to provide a reasonable estimate
of the effect of confinement in the quasi-2D system, since
mean-field theory becomes more reliable as we perturb
away from 2D. Indeed, we see in Fig. 3 that once ωz is
finite, the pressure in the plane decreases with increas-
ing εB/εF , as expected. The interactions in quasi-2D
may equivalently be parameterized by a2D
√
ρ, where the
scattering length a2D =
√
pi/Blze
−
√
pi
2
lz
a and B ≈ 0.905
[21]. Increasing attraction and moving towards the Bose
regime then corresponds to decreasing a2D
√
ρ. In the
2D limit, we have a2D =
√
1/mεB , but this is not true
in general in quasi-2D. The interaction range displayed
in Fig. 3 corresponds to the regime of strong interac-
tions a2D
√
ρ ≈ 1 considered in a recent experiment [12].
Here, the pressure at finite temperature was observed to
be lower than the 2D zero-temperature result. However,
this appears at odds with thermodynamics, where the
pressure is always expected to increase with temperature.
Indeed, one can show for the 2D case that(
∂P
∂T
)
N,Ω
=
(
∂S
∂Ω
)
N,T
∝ T ∂s
∂T˜
> 0 ,
where T˜ = T/εF and s = S/N is the entropy per parti-
cle. On the other hand, we see from Fig. 3 that P/Pideal
becomes increasingly reduced as we relax the confine-
ment, and this reduction can be substantial even when
εF ≤ ωz. Therefore, for the densities considered in the
experiment, where εF ≈ 0.5ωz [12], we expect P/Pideal at
low temperatures to lie below the 2D zero-temperature
result. For weaker attraction, P/Pideal is increased until
eventually the effect of temperature dominates and we
have P/Pideal > 1. In this case, P/Pideal will be higher
than the 2D T = 0 result, which is indeed what was
observed [12].
V. RADIO FREQUENCY SPECTRA
Radio frequency (RF) spectroscopy has been used in
quasi-2D experiments to probe pairing and associated
gaps in the energy spectrum [7, 11, 31, 32]. A pulse
of RF laser light transfers atoms from one of the initial
hyperfine states (say |↑〉) to a third one that is previ-
ously unoccupied (denoted |3〉). The gas is then released
from the trap and the atoms in different hyperfine states
separated, so that the number of transferred atoms can
be extracted. This is repeated over a range of different
frequencies to determine the RF spectrum.
We calculate the transfer rate as a function of probe
frequency using Fermi’s golden rule. The perturbation
to the Hamiltonian due to the RF pulse is
δHˆ ∝
∑
k,n
(
c†kn3ckn↑ + c
†
kn↑ckn3
)
. (24)
6Note that the initial and final state momenta are equal,
owing to the long wavelength of the RF radiation. We
also assume the ideal scenario where there are no final
state interactions, which is reasonable for the case of 40K
atoms [32]. In general, such interactions can modify the
high-frequency behavior of the RF spectrum [33].
There are two possible types of transition, as illus-
trated in the inset of Fig. 4(a). At zero tempera-
ture, the initial state is the BCS groundstate, |Ψ0〉 ∝∏
knσ γknσ|0〉, where |0〉 is the vacuum for the operators
cknσ. One may think of |Ψ0〉 as a filled sea of “quasi-
holes”, each having energy −Ekn + µ, with γknσ the
creation operator for a quasihole. Transition (1) cor-
responds to a quasihole being destroyed and an atom
created in a free state. Hence the final state is given by:
|Ψ(1)F (k, n1, n2)〉 = c†kn13γ
†
−kn2↓|ΨI〉. At zero tempera-
ture, only transitions of type (1) are possible. However,
at finite temperature, the initial state |ΨI〉 also contains
some quasiparticles. Therefore, we can also have transi-
tion (2), where a quasiparticle is destroyed and an atom
is created in a free state. The final state in this case is
given by: |Ψ(2)F (k, n1, n2)〉 = c†kn13γkn2↑|ΨI〉. Accounting
for both of these bound-to-free transitions, the mean-field
RF current or transition rate is then
IRF(ω) ∝
∑
k
n1,n2
[
f(−βEkn2)δ(ξkn1 + Ekn2 − ω)|vkn1n2 |2
+f(βEkn2)δ(ξkn1 − Ekn2 − ω)|ukn1n2 |2
]
. (25)
Here, the pulse frequency relative to the bare transition
frequency between hyperfine states is denoted by ω.
We can gain insight into the RF spectrum by restrict-
ing the calculation to the two lowest harmonic oscillator
levels, n = 0, 1. This two-level approximation provides
a qualitative picture of the quasi-2D spectrum at finite
temperature and has the advantage of yielding an ana-
lytical expression:
IRF(ω) ∝
∑
n=0,1
(∆0V
nn
0 )
2
ω2
f
(
−βω
2 + (∆0V
nn
0 )
2
2ω
)
(26)
×
[
Θ
(
ω − ξn −
√
ξ2n + (∆0V
nn
0 )
2
)
+ Θ (−ω) Θ
(
ω − ξn +
√
ξ2n + (∆0V
nn
0 )
2
)]
,
where ξn = nωz−µ. We see immediately that IRF scales
with ∆20, and that there are contributions to the spec-
trum at both positive and negative frequencies once tem-
perature is finite. Note there is no transition between the
n = 0 and n = 1 levels, since parity must be conserved.
Figure 4 displays the numerical result for the RF spec-
tra involving multiple harmonic levels. We focus on the
regime εF ≤ ωz where the spectrum has a simpler struc-
ture [16]. We have checked that the results have con-
verged by varying the number of harmonic oscillator lev-
els in the calculation of ukn1n2 and vkn1n2 . For the fre-
quency range displayed here, we see that there are always
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FIG. 4: (Color online) RF spectroscopy plots for the quasi-2D
Fermi gas at T < Tc. The RF current is scaled so that the
largest peak is always has value 1. (a) RF spectra at various
temperatures for εB/ωz = 0.25, εF /ωz = 0.5. The vertical
dotted line marks ω = εB . Inset: Different types of “bound”
[solid line] to free [dashed line] transitions (see text). (b) RF
spectra at low temperature T/εF = 0.1 for εF /ωz = 1.0 and
a range of binding energies.
two peaks at positive values of ω. The dominant peak is
due to transitions of type (1) within the n = 0 oscillator
level. The first term in Eq. (26) predicts a sharp on-
set of this peak at ω = (k0 + Ek0 − µ)|k=0 = εB . How-
ever, the numerical results show a confinement-induced
shift to higher frequencies, consistent with what we found
previously [16]. The second peak at higher ω is due to
transitions of type (1) within the n = 1 oscillator level.
As expected, it is much weaker when ωz is the largest
energy scale. However, this secondary peak is enhanced
for larger εF and grows with increasing εB , as shown in
Fig. 4(b). At finite temperatures, two peaks also appear
at negative ω values, due to type (2) transitions (see sec-
ond term in Eq. (26)). In Fig. 4(a), the more rounded
peak at lower frequency is from transitions in the n = 0
level and the sharper peak close to ω = 0 is from transi-
tions in the n = 1 level.
We can investigate the behavior at large εB/εF by con-
sidering the two-body problem in quasi-2D. Using the
dimer wave function φn1n2k ∝ V n1n20 /(kn1 + kn2 + εB)
7with zero center-of-mass momentum in the plane, we ob-
tain the simple expression
IRF(ω) ∝ 1
ω2
∑
ν
f22νΘ (ω − εB − 2νωz) (27)
Thus, we see that we have peaks at ω = εB + 2νωz, simi-
lar to the structure displayed in Fig. 4(b). The secondary
peaks grow in size with increasing εB/ωz until eventually
one recovers IRF(ω) ∝ Θ(ω−εB)
√
ω − εB/ω2, the behav-
ior expected in 3D [34].
VI. CONCLUSION
We have considered the effect of a quasi-2D geometry
on a Fermi gas at finite temperature. Such a study is
important for ongoing experiments aimed at investigat-
ing the 2D BCS-Bose crossover, since many are in the
regime where the confinement frequency ωz is a relevant
energy scale. In particular, the pressure can be substan-
tially reduced by increasing εF /ωz, and this appears to
be consistent with recent measurements [12]. Further-
more, once εF & ωz or εB & ωz, the discrete nature of
the quasi-2D confinement should be clearly visible in the
pairing properties even at finite temperature, as we can
see from Figs. 2 and 4. A recent experiment at temper-
atures well above Tc has already observed steps in the
cloud aspect ratio for integer εF /ωz [14].
Rather than being an unwanted complication, the ef-
fects of confinement may provide a route to realizing su-
perfluidity in quasi-2D Fermi gases. We have shown here
that increasing εF /ωz for fixed interaction εB/εF can ac-
tually increase Tc/εF ; thus it remains to be seen whether
Tc can be maximized with a geometry that lies between
2D and 3D. This requires a calculation that goes beyond
mean-field theory and includes center-of-mass fluctua-
tions of the pairs, since the size of Tc eventually becomes
too large to be determined only by pair breaking excita-
tions.
In general, one will require approaches beyond the
mean-field approximation in order to fully characterize
the quasi-2D system. Normal-state interactions are an
obvious omission in the theory and are expected to im-
pact the RF spectra [35]. There is also the possibil-
ity of a pseudogap regime just above Tc, where both
bosonic pairs and Fermi statistics are present [10, 17, 36].
Nonetheless, our mean-field theory provides a major step
towards including the effects of confinement.
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